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Practicing
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Algebraic

Skills

A Conceptual Approach
Integrating procedures and thinking processes
makes learning more meaningful.
Alex Friedlander and Abraham Arcavi

T

raditionally, a considerable part of teaching and
learning algebra has focused on routine practice and
the application of rules, procedures, and techniques.
Although today’s computerized environments may
have decreased the need to master algebraic skills,
procedural competence is still a central component in any math-‐
ematical activity. However, technological tools have shifted the
emphasis from performing operations on complex algebraic
expressions to understanding their role and meaning. Conse-‐
quently, learning rules and procedures should be linked to a
deeper understanding of their meaning and to a flexible choice
of solution methods (Kieran 2004; Star 2007; NCTM 2000).
We write for mathematics teachers who wish to add a con-‐
ceptual dimension to the practice of algebraic procedures. Our
approach is based on the potential advantages of the traditional
approach: Short exercises are readily accessible to students and
are easy to implement in regular classrooms, and the focus is on
learning one specific skill at a time. The activities we propose
here offer opportunities for more effective learning of algebra.
We describe an approach in which rules, procedures, algo-‐
rithms, sense making, meaningful reading, and the creation
of algebraic expressions are thoroughly integrated into the

learning process. These practice-‐oriented activities require
the adoption of some additional higher-‐order thinking skills,
such as developing alternative solutions, evaluating the effec-‐
tiveness of approaches, participating in class discussions, and
reflecting on learned procedures and solution methods. The
goal is to provide teachers with an alternative to the tradi-‐
tional practice sections of a beginning algebra course without
changing the basic format of short exercise sets.
Table 1 presents the framework that guided us in the
design of a collection of exercises for beginning algebra stu-‐
dents (Resnick, Bouhadana, and Friedlander 2007). The
rationale for and the structure of the framework can be sum-‐
marized in a two-‐dimensional matrix: One dimension refers to
procedures covered by most beginning algebra courses, and the
other dimension refers to the cognitive processes involved and
required for meaningful learning of these skills.
The components of the cognitive dimension were based on
the following sources:
 5HVHDUFKRQOHDUQLQJDOJHEUDLQJHQHUDODQGRQDOJHEUDLF
procedures in particular (e.g., Mason, Graham, and John-‐
ston-‐Wilder 2005; Stacey, Chick, and Kendal 2004)
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Divergent Thinking

Qualitative Thinking

Meaningful Application
RI$OJHEUDLF2SHUDWLRQV

Considering and
Justifying Multiple-‐
Choice Tasks

Identifying Errors and
Misconceptions

Constructing Examples
and Counterexamples

Global Comprehension

Procedure

Reverse Thinking

Cognitive
Process

Direct Application
of Procedures

Table 1 Framework

2SHUDWLRQVZLWK1HJDWLYH
Numbers
Manipulating Algebraic
Expressions
Solving Equations and
Inequalities
Solving Systems of Equations
Factorization

Sample Task 1
Fill in the missing operation signs. Use parentheses, if needed.
(a) 6m { 7 { 2m = 8m + 7
(b) 6m { 7 { 2m = 20m
(c) 6m { 7 { 2m = 12m2 – 14m
Sample Task 2
In the following magic squares, the three expressions in each row,
column, and diagonal of a square add up to the same magic sum.
Fill in the missing expressions.
(a)

(b)

x+1
4x – 1
–2x – 6

x
6

–x
x
3

x–2
x
2

Fig. 1 In both sample tasks, students are required to perform “reverse” thinking.

 5HSRUWHGFODVVURRPHSLVRGHVUHODWHGWRDOJHEUDLF
thinking (e.g., NCTM 2000)
 2XURZQFODVVURRPDQGLQVHUYLFHWHDFKLQJ
experience

THE NINE PROCESSES OF
THE COGNITIVE DIMENSION
1. Direct Application of Procedures
The principles and the tasks that correspond to
this process are the most common type of exercises
found within a traditional approach—for example,
requiring students to simplify algebraic expressions
or to solve equations. According to our approach,
more time is devoted to tasks of the following types.

2. Reverse Thinking
In contrast with simple procedural tasks, the “direc-‐
tion” of the activity is reversed; it calls for backward
thinking or for reconstructing a procedure already
performed but missing. Reverse thinking requires
reconstructing expressions or equations according to
given parts or the final result of an exercise (see the
two sample tasks shown in fig. 1).
Work on the first example in figure 1 can be
followed by a class discussion based on some of the
following issues:
 :K\DUHVRPHH[HUFLVHVPRUHGLIILFXOWWKDQRWKHUV"
 :KDWNLQGRIUHDVRQLQJLVUHTXLUHGLQWKHVH
PRUHGLIILFXOWFDVHV"

3. Global Comprehension
We will discuss each of the nine processes of the
cognitive dimension in algebraic practice. Note that
this discussion is not intended to be exhaustive. As
mentioned, our format is intended to resemble the
traditional approach. Thus, the present collection of
tasks does not include elaborate inquiry problems that
are longer in scope and richer in the required skills.
610 MATHEMATICS TEACHER | Vol. 105, No. 8 • April 2012

This ability involves dealing with a multiple-‐term
expression as a single unit (Jensen and Wagner
1981), rather than as viewing it as a collection of
many “atomic” components (variables, numbers,
and operations). This holistic approach requires
a global view and the identification of “units” of
reference within complex expressions (see the two

Sample Task 1
Knowing that 2x + 15 = –2, find the values of
the following expressions.
(a) 2x + 16 = _____
(b) 2x + 20 = _____
(c) 2x + 5 = _____
(d) 3  (2x + 15) = _____
(e) –1  (2x + 15) = _____
(f) –0.5  (2x + 5) = _____
Sample Task 2
Given that a – b = 9 and that ab = 36, find the
values of the following expressions without
finding the values of a and b:
(a) a2 – 2ab + b2
(b) 2ab
(c) 2a – 2b
Use your results to find the values for the
following:
(d) a2 + b2
(e) (a + b)2
( f ) a2 – b2
Fig. 2 Students who see a “big picture” complete these
exercises more easily.

sample tasks shown in fig. 2).
In these exercises, students must relate expres-‐
sions to one another “globally” and identify whole
expressions as parts of others. Thus, in the first sam-‐
ple task shown in figure 2, exercise (b), students are
asked to relate the expression 2x + 20 to the expres-‐
sion 2x + 15 (whose value is given as –2). Classroom
discussions can include different solutions and com-‐
parisons among them; for example, a possible solu-‐
tion is to solve for the unknown x and substitute its
value in the other expressions. This strategy is “safe
and easy” but also time-‐consuming, tiring, and error
prone. Alternatively, students can opt for global
substitutions that require fewer calculations, leading
to more efficient solutions, but this approach also
requires ingenuity and expertise in algebra.

4. Constructing Examples and Counterexamples
Work on these tasks involves understanding
the meaning of a concept or a procedure, apply-‐
ing reverse thinking, justifying, and thinking
creatively. This approach also puts students in
a “teaching” role; thus, it may induce reflection
about a student’s own or other students’ potential
sources of difficulties (see the sample task shown
in fig. 3).
Individual work on the quiz can be followed by
having the class collectively design and agree on a
final version. This process involves a discussion of
various forms of an algebraic expression and of the
most common errors while simplifying a given expres-‐
sion. Perhaps the teacher can give the final version of
the quiz to another class and report the results.

Complete the quiz about equivalent expressions by writing four
reasonable choices for each expression. At least one of the choices
should be correct, but more than one may be correct.
Example: 5 – 2  (7x – 4) =
(a) 3(7x – 4)
(b) –14x +13

(c) 5 – 14x + 8

(d) 5 – 14x – 4

1. 5 – x – 3 =
(a)

(b)

(c)

(d)

2. 7 – 2  (x – 3) =
(a)
(b)

(c)

(d)

3. 4  (x  5) =
(a)

(b)

(c)

(d)

4. 6 – (2 – x) =
(a)

(b)

(c)

(d)

Fig. 3 Acting like teachers, students need to create correct and incorrect choices
for the “quiz,” at least one of which must be correct.

Sample Task 1
,VWKHIROORZLQJVROXWLRQFRUUHFW",IQRWPDNH
the needed corrections.
2(3 – x) + 3(x –2) + 7x = 2
6 – 2x + 3x – 6 + 7x = 2
8x = 2
x=4
Sample Task 2
The mathematics teacher asked the class to
substitute a = 3 in
−5 −

3 + 2a
.
3

Check the work of the following students and
make the necessary corrections.
Abe

−5 −

3+6
= −5 − 1 + 6 = 0
3

Benjamin

−5 −

3 + 6 −15 − 3 + 6 −12
=
=
=4
3
3
3

Claire

−5 −

3+6
9
= −5 − = −8
3
3

Diane

−5 −

3+6
9
= −5 − = −2
3
3

Fig. 4 Students need to analyze the work of others to
determine which answers are correct and where mistakes lie.
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5. Identifying Errors and Misconceptions
In this category, we include the ability to follow,
interpret, and evaluate a solution produced by a
real or a fictitious peer. As in the previous case, this
ability frequently requires justifying, analyzing, and
monitoring results as well as thinking critically.
These tasks also require reading and reacting to what
other students do or may do, a process that may help
students look beyond their own knowledge and per-‐
formance (see the two sample tasks shown in fig. 4).
Which of the expressions below is/are equivalent to
a−6
?
3
a+6
3

1
a−6
3

6. Considering and Justifying
Multiple-Choice Tasks

6−a
3

a
−2
3

1
( a − 6)
3

−

6− a
3

Which of the expressions below is/are equivalent to
x•y
?
3
x
• y
3

x•

y
3

x y
•
3 3

(x • y) : 3

Fig. 5 In this task, students can discuss why each distractor was chosen.

Sample Task 1
Each rectangle drawn below represents an area of 18x + 36. Find four
possible pairs of expressions that can represent lengths of their sides.
(a)

18x + 36

(b)

18x + 36

(c)

18x + 36

(d)

18x + 36

b

0

b

00
00

a

a

a

a

a
b
a
b
a
b

b

0
0
0
0
0
0
00

b

00

b a a

a

Sample Task 2
a
In this task, aband b 0represent numbers
on the number line. Mark the
operations that
produce
a
negative
result
for a ! b.
b
0
a
(a)
(b)

b
b

b

b
b

(c)
(d)

b

a
a

+

–

×

÷

None

+

–

×

÷

None

+

–

×

÷

None

+

–

×

÷

None

a

b a a

+ – ×
÷
None
b
0
a
b
a
0
b
0
a
b
a
0
b
0
a
Fig. 6 Both ofbthese
will allow students to review the rules of algebraic
a exercises
0
(e)

operations.

b

a

In this case, the solution process involves identify-‐
ing errors, considering multiple solution methods or
answers, understanding a concept in depth, and think-‐
ing critically (see the sample task shown in fig. 5).

7. Meaningful Application
of Algebraic Concepts

1
( xy )
3

x• y:3

Requiring students to detect errors made by
others may raise awareness of their own mistakes.
This category of tasks enables teachers to select and
discuss the kinds of mistakes they want to address.
Thus, the error in sample task 1 in figure 4 is
related to students’ tendency to opt for whole
numbers and to use direct rather than inverse oper-‐
ations. Following the solution of the substitution
task, presented in the second sample task in
figure 4, the substitution of 3 and –3 in the same
expression can be discussed, regarding both the
correct solutions and the potential errors.

0

b
a TEACHER
0
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This goal is addressed explicitly by requiring stu-‐
dents to work with multiple representations and
multiple solution methods or answers and by dis-‐
cussing solution processes (rather than results), as
in the two sample tasks shown in figure 6.
Note that a main goal of the two tasks is to
stimulate observation of and reflection on rules of
algebraic operations. Yet the two exercises pursue
this goal differently. Sample task 1 in figure 6, pre-‐
sented in the context of area calculations, requires
decomposing a given product into two factors in
different ways. This process requires reverse think-‐
ing and examining several possibilities. The rich-‐
ness of the possible outcomes depends on students’
Sample Task 1
The average of four numbers is negative.
(a &DQDOOIRXUQXPEHUVEHQHJDWLYH"([SODLQ
(b &DQDOOIRXUQXPEHUVEHSRVLWLYH"([SODLQ
(c) Can only two of the four numbers be
SRVLWLYH"([SODLQ
(d) Can only three of the four numbers be
QHJDWLYH"([SODLQ
(e) Can only one of the four numbers be
QHJDWLYH"([SODLQ
Sample Task 2
Without multiplying the factors, predict the
number of terms for each simplified product.
(a) (x + 8)(x – 6)
(d) (x + 8)(y – 6)
(b) (x + x)(8 – 6)
(e) (x + y)(6 – 8)
(c) (x + 8)2
( f ) (x + 8)(x – 8)
Fig. 7 These exercises call for students to make predictions
or interpret results without using computational skills.

Sample Task 1
Complete equivalent expressions in different
ways.
(a)
(b)
(c)
(d)
(e)

_____
_____
_____
_____
_____

+
+
+
+
+

6x
6x
6x
3x
3x

+
+
+
+
+

_____
_____
_____
_____
_____

=
=
=
=
=

( _____ + _____ )2
( _____ + _____ )2
( _____ + _____ )2
( _____ + _____ )2
( _____ + _____ )2

Sample Task 2
&ODVVLI\WKHIROORZLQJH[SUHVVLRQVLQWRWZR
groups. Describe each group.
&ODVVLI\WKHVDPHH[SUHVVLRQVWKLVWLPHLQWR
three groups. Describe each group.
x 2 − 8x + 16 x 2 − 16 x 2 + 8x + 16 x 2 + 16
x2 + 10x + 25 x 2 + 25 x2 − 25
x2 + 10x −25
Fig. 8 Both exercises encourage students to explore
solution spaces for a certain problem and to avoid fixation
on certain rules.

mathematical sophistication—for example, whether
one or both factors should contain a variable. A
possible follow-‐up to this example can be collecting
and classifying student answers and assessing the
more creative solutions.
The second example in figure 6 relies on the
number line as a meaningful visual support for
predicting the sign of an operation without actually
performing it. In a discussion, students noted that
the absolute value of the operands provides a criti-‐
cal piece of information in establishing the sign of
a sum or a difference but contributes no knowledge
regarding the sign of a product or a ratio.

8. Qualitative Thinking
This ability can be applied in parallel to the formal
solution processes of an exercise; it involves pre-‐
dicting, monitoring, and interpreting results. In
this case, the addressed manipulation skill is in the
background as resource knowledge; it guides stu-‐
dents’ thinking, but it is not performed (see the two
sample tasks given in fig. 7).
In the first sample task in figure 7, students can
either search for examples or formulate a general
conclusion. In the first item (a), teachers can discuss
the incorrect comment made by some students that
a negative average always requires that “all” the
numbers that are averaged are negative. By work-‐
ing on the last three items, students will realize that
the absolute values of the numbers involved play an
important role in considering the propositions.
In discussing the second sample task in figure 7,
students may realize that they are able to predict
some characteristics of a result without performing
it, and thus they may develop the ability to do so.

1. Fill in the missing expressions to complete
algebraic identities.
(a) 18x − 36 = 3( ___ − ___ )
(b) 18x − 36 = 6( ___ − ___ )
(c) 18x − 36 = 18( ___ − ___ )
2. Fill in the missing expressions to complete
algebraic identities.
(a) 18x − 12x2 = 3( ___ − ___ )
(b) 18x − 12x2 = 6( ___ − ___)
(c) 18x − 12x2 = x( ___ − ___ )
3. Fill in the missing expressions to complete
algebraic identities.
(a) 15x − ___ = 3( ___ − 7)
(b) 8x − 4x2 = ___ ( ___ − 4x )
(c) 18x − 30 = ___ (3x − ___ )
Fig. 9 These tasks involving thinking backward have different levels of difficulty.

This ability is a useful strategy for predicting, moni-‐
toring, and checking the validity of their results.
Note that the second sample task can also serve as
an introduction to learning the multiplication for-‐
mulas (a ± b)2 and (a + b)(a – b).

9. Divergent Thinking
This ability is frequently required by tasks that
involve and promote multiple solution methods, a
wide variety of answers, meaningful mathematical
discussions, and opportunities for creative solu-‐
tions (see the two sample tasks given in fig. 8).
These exercises promote divergent thinking at
two different levels. Besides incorporating reverse
thinking, the first exercise in figure 8 adds the
dimension of “freedom” to create both an expres-‐
sion and its expansion under a constraint (a given
middle term for the expansion). The second exer-‐
cise in figure 8 requires students to observe, ana-‐
lyze, and group algebraic expressions according to
criteria of their choice. In a class discussion of the
expansion of a squared binomial (sample task 1
in fig. 8), we can address the possibility of having
noninteger coefficients as well as odd coefficients
for the middle (2ab) term.
As noted, some of the nine processes described
involve interrelated abilities and overlap to a cer-‐
tain extent. Thus, we propose that the framework
be considered more a list of task characteristics
and thinking processes than a clear-‐cut classifica-‐
tion system of algebraic exercises. This framework
serves as a guide for selecting or designing exercises
that promote meaningful learning of procedural
activities in algebra.
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LEVELS OF DIFFICULTY
Our framework is based on the assumption that
all students are capable of engaging in the cogni-‐
tive processes described above, provided that some
adaptations are made.
The difficulty level of an algebraic exercise set is
usually determined by the following criteria:
 /HYHORIWHFKQLFDOGLIILFXOW\—Determined by the
representation or the size of the involved num-‐
bers (large versus small numbers, integers, deci-‐
mals or fractions) and by task complexity (num-‐
ber of operations and processes to be performed
in parallel)
 /HYHORIDFTXDLQWDQFHZLWKWKHFRQWHQWDQGWKH
solution method—Determined by the degree of
similarity to the content or the solution method
of other previously encountered tasks
Consider the sample task shown in figure 9. The
three exercise sets in this example relate to the same
procedure—factorization of algebraic expressions by
applying the distributive property. The sets require
the same strategy (reverse thinking) but have differ-‐
ent difficulty levels. The first set contains nonnega-‐
tive integers and linear expressions and, as a result,
has a lower technical difficulty level. The location of
the blanks for missing expressions within an exercise
provides an additional aspect of these tasks’ level of
difficulty. For example, sample task 3 is more com-‐
plex compared with the exercises in the other sets.

CONCLUSION
The framework and the tasks previously discussed
integrate conceptual components into the learning
and practicing of algebraic procedures.
We borrowed the following from the traditional
perspective:
 $OJHEUDLFVNLOOVDUHDQLPSRUWDQWFRPSRQHQWRI
algebra and should be explicitly practiced.
 6KRUWH[HUFLVHVDUHLPSRUWDQWEHFDXVHWKH\
support achieving clear goals and can provide
a sense of accomplishment without long-‐term
investments.
 ,QHDFKXQLWWDVNVDUHDUUDQJHGDFFRUGLQJWR
levels of increasing complexity to accommodate
students with different abilities.
From a conceptual perspective, we attempted to—
 LQFUHDVHWKHFRJQLWLYHGHPDQGE\HQFRXUDJLQJ
students to use a variety of thinking processes,
strategies, and reflective practices;
 SURPRWHGLYHUJHQWWKLQNLQJDQGFUHDWLYLW\VXFK
as requiring students to design exercises them-‐
selves; and
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 FUHDWHRSSRUWXQLWLHVIRUPHDQLQJIXOGLVFXVVLRQV
of algebraic skills that go beyond teacher feed-‐
back about whether a response is correct or not.
Our approach attempts to maintain an appropri-‐
ate balance between the various types of cognitive
demands on students and the skills that they need
to learn. Our initial observations of students’ work
indicate that, in addition to improving their proce-‐
dural knowledge, these exercises provide opportu-‐
nities for students to promote meaningful learning
and increase their motivation.
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